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FOREWORD

Much has been said and done recently in connection with
the study by Harbridge House of economic inventory policies
(EIP). Since the principle of balancing holding cost against
order cost so as to minimize total cost makes good sense,
these policies are being implemented by the Army at its
posts, camps and stations.

The next logical step then is the application of the
results of the study to establishing supply policies at the
national level -- specifically at the National Inventory
Control Points (NICP's). However, as with any study based
on a mathematical model, the assumptions and analyses must
be subjected to careful technical scrutiny before the study
is given its aeid practical test in pilot supply applications.
This technical scrutiny was carried out by Lt. A. C. Stedry,
a young Ph.D., in Management Science with a strong mathemat-
ical background, who was assigned to the Quartermaster Corps'
Operational Mathematics Office. The results of his review
are reported in this, the seventh in the series of
Operational Mathematics Reports.

Brigadier General, USA
Acting Deputy The Quartermaster General



%ble of Contents

Abstract....... . • • • • •

Introduction. • • • • • • • • • • • ....... • • • • i

Summary of the Rview. . . . . . . . . . . . . . . . . . . 2

Safety Levels.. . . •p . • . . • a • • a • • • • • • • 6

I. Introduction. a . e * . . . o * * • . * .*. . . 6

II. The Gins Dstributin. . . . . . • ..... 6

III. The Crucial Assuption. . . . . . . . .... 9

IWe RecCoendaton . . . . . . . . . . . • .e 13

suring Supl Effectivess . . . . . . . . . . . . . . 17

I. Coamptatiom of Epected Value of hmber
of Ltockouts hmrWnad Tim. ...... 17

II. Caztation of Supply Effectiveness . . . . . . 18

Distribution. . . . . . . . .. . . 20



ABTRM

An a peat of their extensive contractual. effort in the area
of economic inventory policies (ZIP), hrbridge House of Boston,
Ykassachu etts, studied inventory policies at the national or whole-
sale level. Their work vas reviewed by the %iarteiwLster Corps'*
Operational Matemtics Office.* It vas fop8. that though the
determination of operating levels is adequate, their approach to
the determinat~ion of safety levels bas several flav w inn their
rec ded determination of safety levels inadequate. Mathe-
mticAL a~rguments are given for this criticima. Since acceptable
alternative approaches are available, it is suggested that these be
used to determine national inventory policies.



nmODUCTION

As a part of their extensive contractual effort in the area of
econoic inventory policies (ZIP), Harbridge House of Boston,
Massachusetts, studied both the vholesale or national level policies
and retail policies. The Operational Mathematics Office has assisted
in the impem.ntation of the retail policies. An Operational Mathe-
mtics Series Report on this assistance is nov being prepared. It is
sufficient for purposes of the present report to say that it is gen-
erally agreed that the Hmrbridge Douse treatment of retail accounts
vould be superior to the Army Field Stock Control approach and that
experience to date at posts, cas and stations converted to the
Harbridge House approach bears this out.

The national level policies are another question, hovever. Here,
flaw in the approach that are minor in terms of application to retail
accounts my not remin minor at all. Also other york on this subject
is available, and it is important to review the &Hbride House ap-
proach at this time so that a decision can be made on vhat procedures
vould be best iulemented. This vas done. The results of the review
are presented in this report.

The remander of this report is divided into three mjor sections.
In the first, a complete sinry of the conclusions reached in the
review Is given. In the second, the mthtical argumnts are devel-
oped that led to the chief criticisms of the Harbridge House approach.
In the third., the estimte of supply effectiveness'is discussed In
Mthemtical terms.

A remark about the footnotes and formulas. Superscript numbers
inclosed in brackets will be used to Indicate footnotes. References
are given in these footnotes. Forimilas appearing in the mathematicaa
discussion will be indexed by numberr Inclosed in abeteses. Mse
nuLies will generally appear to the left of the formla.

1



MOMI&R OF THE REVINi

The Hrbridge House approach has flaws vhich while not crucial
at installation level, would become crucial if a direct extrapolation
to the national level of a system devised on simil r principles were
made. More specificaly. this extrapolation would result in gross
over-protection on some items (i.e., "dead stock") and wholly inade-
quate protection (ie., poor supply performance) on others.

The determination of operating levels utilized by Barbridge
House is derived directly from the standard "optxma-lot-size" formila
which has been known for about 45 years. While it rests on fair2y
restrictive assumptions -- fixed cost to reorder independent of pro-
curemant value, holding cost proportional to dollar value of half the
operating level -- it has been found to give results that are close
to optimal for less restrictive assumptions. As refinements are
extremely complex and their incremental gain is sall compared to the
gain that can be achieved through improvements in safety level proce-
dure, they will be ignored here.

The determination of safety levels in the subject procedure rests
on much less firm ground. The authors of RIP indicate a preference
for a gain distribution to describe demand patterns. They have not
attempted to determine whether this distribution in fact describes the
demand patterns reasonably well (or at least do not report such an
attempt except to show that a few chosen items happen to look more
"gam " than "Poisson"). Furthermore, the method used does not in
fact measure the variability of demand but assues the demand vari-
ability to e related to the average order size. As they give no
proof that this relationship is an appropriate one, it is quite likely
that the safety levels chosen will either give too much protection or
too little -- perhaps an most items in the same direction, perhaps not.
In aw case, it is unlkel y that the predicted probabilities will be
experienced in practice. Me next major section of this report, en-
titled "Safety Levels", contains a mathematical stauary of the Barbridge
House procedures and the mathematical arguments that led us to conclude
that the safety level procedures developed by Barbridge House are inade-
quate.

A second major objection to the ZIP methodolog is its failure to
take into account the effect of procureent cycle on supply effective-
ness for a given safety level. If the assumptions about demand distri-
butions were correct, the safety levels computed according to the
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procedures would provide a 10% probability of stockout during lead

time [ I ] -- i.e., during ten periods following the placement of a
procurement action, a stockout would be expected in one of them.
But each time an item is procured, we are subject to
stockout. Therefore, an item ordered monthly will be out of stock
six times as often as an item which is ordered once every six months
if a procedure is followed which gives the same protection against
stockout "across the board". I.e., if an item would have a 95% sup-
ply effectiveness if ordered twice a year, it would then have only
a 70% supply effectiveness if ordered monthly.

It should be pointed out that a 90% protection against stockout
does not mean 90% supply effectiveness. Using the Harbridge House
assumptions about distribution, it is possible to determine the
expected (average) number of demands which will be placed during a
lead time against zero stock for an item given the average number of
deands it will experience during a lead time and the probability of
stockout. The number of demands against zero stock expected per year
would then be equal to the expected number of demands during lead
time times the annual order frequency (the latter is the "operating
level factor" in Brbridge Souse parlance). Supply effectiveness can
then be expressed as follows:

% Supply effectiveness

= 100 1 1- Ixected number of demands against zero stock per year
Expected number of demands per year

The supply effectiveness resulting from the procedures recomended by
Harbridge House, if their assumptions about demand distribution are
ccarect, is shown in Table 1. A mathematical treatment of the method
used to relate protection against stockout to supply effectiveness is
shown in the last portion of this report.

[1] For procurement cycles of six months or less. For "annual buy"

item no safety level but a 30-day additional "order and ship time" is
allowed or, in effect, a 30-day safety level. No probability of stock-
out is estimated.

3



TABLE 1. Per cent Supply Effectiveness for Selected Annual
Demand and Ordering Frequencies (Utilizing Barbridge
House Assumptions and Procedures for a 30-Day Lead
Tie)

Operating Annual Demand Fre cy+
Level Factor* 6 12 24 72

1"* 97.9 98.9 99.5 100.0+

2 97.2 98.4 99.1 99.

4 94.4 96.8 98.2 98.8

6 91.6 95.1 97.3 98.2

12 83.2 90.3 94.5 96.4

* This term is used to refer to the annual ordering
frequency. An item which the agency pro-
cures monthly will have an Operating Level ractor of
12, annually 1, etc.
The "annual buy" safety level is, in effect, 30 da'
supply. All others are computed on the basis of 90%
probability of no stockout during a lead time.

+Tbe average number of requisitions placed on the Iro
vmtory control point per year.

+To 1 decimal-place accuracy.

Me effect of desend frequency and ordering frequency on supply
effectiveness In readily seen from Table 1. Noting that the rarbrdge
Douse assumptions probably underestimate variance, these supply effec-
tiveness percentages .mit be viewed as being maxima rather then actual.

Use of a more suitable distribution would undoubtedly lover the
whole set, attenuate the effect of increasing demand frequency on
improved performance but markedly increase the deteriorating effect of
Increasing procurement frequency. In am case there is apparently no
rationale provided for using a scheme which produces this markedly
differing performance.



It in believed that application of a ach similar to the station
level aeer vbich uses (probably) the vrong distribution and an
irrational deeuntlo of safety levels vould be very costly. It is
therefore recinmded that, at national control points a awe sophis-
ticated scem be used. &w~h a schm is contained in the series of
reports by the Operations Research Group at MIET(21 or In unpublished
vork done by the Opertional Nhthetics Office for the Military General
Sapply Asbq. Zitber of these approaches to national inventory policies
ul3d be adequate =An a"e entirely comatible vith the established

Mrbridge Soms procedures in the posts, cams and stations.

12J Materft boshnical Reaports Nos. 7 and 9, IUM Project: F~n

Ra~mm f M k o 2~im esarh ndr c~3;T
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I. Introduction.

Tepoint to be mde In this portion of the reportis 53]that the safel levels presented by hbrbridge House. Inc *,
for economical Inventor7 policies ar'e niot developed froa the
proper use of the pm distribution as claimed. We agree
with Narbridge House on the applicability of the w=& distriL-
bution. In fact, this very agremet is the basis of our
obJections since, by their treamet of the distribution,
Wmbridgs House analysts have transfomd the distribution

Into something else, as will be explained belov.

It will be necessary fron time to tim to Introduce sow
mathmatical forwulae. It is our belief that the non-mthe-
Afticin May ignor these sybols while the technician will be
able to understand this section without having to go tharouh
the algebraic pumastics himself. Since the authors of the
btrbrdge Nouse reports have avoided writing down their assimp-
tions In uathmntical ftupa the tedwiician cannot render his
opinion as to the validity of their analysis in an hour or two.
Instead, he anst spend an ins. mut of time "finding out
wAst they did" before he can test its validity. TIhis time
constraint my prove prohibitive, In ihich case the report =y

Was through mw lunds, receive may signatures and eve be
Implimntedo before receiving extensive technica scrutiny.
7he Nterial discussed in this portion of the report is a case
In point.

nI. a*Ge Distribution.

lirst, it Is desirable to show, far the reader wbo, has scm
mt~tca1training the muaing1n of this distribution. if x

is A pm-distrbuted variable, then the frequency distribution
of x my be expressed by:

31Selit partloalar, "ft Tit NE &=Qa Iivuit~aPl
Rwe~ Now 11,h IM3leinuir4aion- "--erae was
be interested in seeing Reports No.2,.,3 in this series by
Hrbridge House.
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(i) r~x) - +1 :P1

where p and P3 are parmteru" of the distribution. 7bese
pmrmoters, taken together , tell us tv thing about x: its
awn (or average) ?hich shall be called A end its variance,
wich shall be called . SpecificL , as my be found in
standard statistical texts:

(2) 11. A(p + 1)

W2 2(p+1

It Ahould be cler to the ncn-mthmtical observer as
yell as the mta tician that one nust kow (or be able to

estimte) both the man and the m-i nce: 1  in order to deter-
mine ad p. Soling for p and P we obtain:

2 2a
p3 - I -1

again eWhans 0 the need to knov two characteristics of the
distribution rather th one In order to define it. Hoever,
it will be noted In the harbridge louse reports already refer-
red to that the plan preuented requires onl the estiute of
an averg -- not a .vrianee. Ois, In Itself is sufficient
to Aov that the pa ued b saAp B e does not take

in]Nto account but ony average deand and.,
as1 v bebelow, average 1nd size.

L or the standard deviation -- the square root of the variance.
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The process by vhich the two parameter S distribution
is reduced to a one-parameter distribution my appear ccmple

to the layman, but it is transparent to the usthmatician.

If we call t the number of items demnded in a delivery

time, then the probability that t will be less than or equal

to some value x is expressed by the cualative distribution:

z -t/13 tp
(x) ' l t.

A substitution can be mde that renders this formula mor

convenient for ccuputation. Let y = t/P. Then:

(5) 7(x) =/j

Since:

(6) "e-y P  dy= pZ

the exyression for 7(x) beccoesi~l

[5] e tables used for computing values of the c -r tive S distri-

bution are Karl Pearson (ed.), Tableb of the Inccet" Function., Inad:
His Majesty's Stationery Office, 1922. These tables make one further
substitution, namely: U=X/a

Then x xqj+- 1  j

and the fumction y be 'written:

I(u,p) e

/e-y Ypdy

It remains, nevertheless, the probability that the number of item demanded
will be less than or equal to x.

8



(7) " -"(x)
w

e TYyPdy

TMo clear up sW confusion that m exist m this point,
the denominator of the above expression, since the function

0 "Y 9 is integrated over the entire rane frm zero to
iity is Jow as the "conpiete p a function", usually
denoted by A(p.l) or resiq~Zy JP (p+1). In the
m rator, the fumction is integrated over part of the range
(from zero to x/0) and In this case is denoted by .r x/13 (p+l).
It should be emhasized that there i nothing "unfinished"
about the incona ete gm function.

inI. mw crucial Asitin

Althoug the substitution y - t/A in eqiatio (5) is a
valid one, hrbridge House ana3ysts hwre carried this sub-
stitution into a transfomation of the distribution. hey
bae defined B as the aveE dem d size and then aumd,
without M Justificatitha m

(8) A - B.

2here is no evidence provided. for the validity of this assump-
tion. MW ban thus assime that Lhe probability, 7(x), tlat
t., the number of items demnded during a delivery tiie, is
less than or eq7 tow r X, Is equal to the probability
that the nvmber of demnds, duing a delivery tie, say y, is

less than or M to a nmber z, Vhere z - x/B. Nothumtically,
this my be expressed as:

e-t/P tP - -7 - ,
(9) It - b) d.t n e -(

Vhere y-t/A and z -iP



The "safety level" is found by setting F(z) equal to 90%.
Althouab the claiui is zMe that this gives a 90% protection
aWsiinst stockout, in fact it gives only at best a 90% protec-
tion ainaut the mmdber of deandsa g delirei time beI
l~ess Um w 12!a to the average number of dinzA~s rene-

sented by the reorder point * J It assumes that eve!Z deNd.
Is the "me size. It fails to distinguish betwVeen the two
deund patterns shovn In Table 2 - In fact, it assums that
all demnds received by an installation ar'e of the Pattern 1
type -- 1, 1, 1, 1, 1; 2.5, 2.5, 2.5, 2.5, 2.5; etc.

Table 2. Demand Patterns Considered Equivalent
by harbridge House Plan

Item Demnded
ftttern 1 Pattern 2

110 1

2 10 16

3 10 2

'4 10 25

5 10 6
B= - 2 010B 0.= 10

5 5

If this were the only difficulty involved in this assiup-
tion, the plan might be toler'able. Hovever, examination of
F(s) reveals another implicit assumption mode by the crucial
one, 15 = B. Mwe distribution of number of dnmdes during a
lead time Is a one-parameter distribution those variance is
equal to its mean and my 1:u fact be represented by aPoso
distribution. Specifical.,

(6 1 0Order & Shipping Time Qwantity plus Safety Level.

1.0



e Y7 o e.Z zq

(10) r(z) - 1 1dy Z -- r -=1 -G(p)
0 P: qq-qi

where the latter function (G (p)) is clearly a cumulative
Poisson with iean and variance equal to z. The reader vill
find that by setting:

(11) p + 1 a average number of demnds during
a delivery tim [7]

and G(p) a e q1 "

qwO

he may find the man of the PoIsson distribution (z) in a
standard table of the cumulative Poisson hich has these
prpertieMs h can, In this ==or uwplicate the lafety

LeMl Fw ,,8] for integral (bo mber) vlues of p
ithmot ever referring to the distribatiow T he

Pearson "Mmbles of the Inccpleen Function" cited above
are a convenient comptationally; nevertheless the distri-butic in a = e-M ~j~j version ofte acceyted
f Mistri and the use of these tables vith a
fom-idable nm, does not cane the Dicture.

[7]Fotwd., as in Table D of the Annex of the Draft Instruction section
of the Harbridge House report, "Istallation of KEP at Stations" by
dividing annal demnds by 12, 8 or 6 for 30-W, 45-ay and 60-day Order
and aip-n Tie, respectively. These are kovn as OST factors.

T8]!able C of the Annex of the Draft Instruction section of the
hkrbridge House Report. Since this report has occasional page nubers
and no section nubers, a more precise referene is difficult.

[9]For non-integral values of p, z my be found by graphical
interpolation, vithin the limits of accuracy required by the table.
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In either case, once z is found., the Safety Level Factor
y be found In the innner used by Harbridge House.

Let A a auaml Itm dmzaded

t - amths in order and ship tim

n w average number of dmnds in an order
d ship tim

B a arage demand size

u w avrae number of iti demanded per month.

Then:

(12) Safety Level Quantity + Order and 91hp Tim %=ntity 0 3,

order and 94p time Ontity - t utt -B

ea:

t level Qmat~tY 0B -At

(13) At At

A

ft.
~~~Safety evel ctor 1

12nt(t -n

2



and, incidentally,

(15) Order and i~m Factor - 12

Those forulae vill be found camarable to those of

harbridge House vith u - zn/- used, rather than z, and the

results are, of course, the same. l0]

It my appear that the question of wether or not the
function actuLy used is a cualstIve Poisson rather than

e distribution is acadmic. Apparently Narbridiie louse
investigtors did not think so, and ephasized the need for
a wmmm distribution although, In fact they used a distrl-
bution vith Pblsson properties. M safety levels used fail
to differentiate between an 4.tm that is ddmmded once a
unth "like clock work" and an Iten ihich has 12 dimands In
one month and none for the rest of the year. Mhis would
result In excessive safety levels on some itees and practi-
cally no protection on others.

IV. Recomendations.

A first step forvard vould be to use the bona-fide Sem
distribution. This vould require estiates of both average
demind and variance of demand. But, if the Departmnt of

Defense Instruction [ 1 1 is to be followed, taking into account
both size of dewnd and variability of deand., this additional
calculation is necessary. Some coensating sliplification can
be attained by substituting a "reorder point" for the cumber-
some process of having an order and ship tim quantity.

[10 It should be obvious that a simplification could be brought
about by elinating the fiction of a separate Safety Level and Order
and Ship Tim Qmutity. A "Reorder Point" w zB conMuted by the use of
a "Reorder Point Factor" = 12n/zt vould simplify matters considerably
for the "Asn on the Job" -- but this is a relatively minor criticism.

[l 1 DOD instruction 414o3.1, 24 June 1958.
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This could be done as follows:

l X be the munt dinnded in the ith month,
i -lj e n

Thenn
n

n -

2 i-l
'n-l

or a ome mnth order and ship tim, a and p can be very
simply calculated:

2A.x

p I

For an order and ship time of t months, let Y, be the

n a .nded in the jth order and ship tie period. We can

then estimte j and 2 by the followng formulae:
y

2 2
y r s

and., fron this,

114



2
0*

p -1

An alternative procedure is to adopt the stuttering

Poisson distribution described by Herbert Galliher. [12]

Ztis distribution is derived by assuming that the intervls
between dmands are randouly distributed and that the demnd
size is geometricay distributed. This seem to be a more
satisfying characterization of the system and the average
demand size B is a true pameter of the system (rather than
an arbitrarily assumed paras'ter) thus possessing the'
simplification of the Herbridee House method without the
artificiality.

The mean and variance, cy , of the stuttering Poisson

during lead time has been found to be:

y= ut

and

vhere j is the average use during lead time, u is the average
mnthly dame d and t the number of months during lead time.
e tuttering Poisson, for sufficiently large B is approxi-

mtely norml with parameters as shown. The ga assumption

[121"Interin Technical Report No. 9% MIT Project Fundaental
Investigations in Methods of Operations Research under Contract DIL-
19-020-ORD-264, Ordnance R&D Proj. No. TB-001, Augst 1958. Also see
"Interim Technical Report No. 7", July 1957, and "Final Report of MIT
Supp y Control Procedure and Recomendations on Iplmntaton", August
1960.



adopted by harbridg Bouse ame an identical mn.. but
variance, In the same tezus as above as:

Thus the Iazbzidg 3mms assmption gSve. a lover variance
than the mya z'emseemble ssumiptions about distributon and
becme progessively lower as B gow. large. A recant,
Infoml cammication frca the Director of the 'jUT Inrmmtory
1bsearch mimerntatiom Codttee*', 001, Indicates that at
national level, evn the stuttering lilscm is undmetIntng
the varience. Sw hLridgs Nause assuqitoms at lICPs would
thus be litely to grossly uaggeste the amnt of protection
po'wided by a given safety level.
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MWUING SUPPLY 3N0TZCTYIN

I. Covtatioi, of Encted Value or Number of Stockouts DSIwin Lead Tim.

Assume that F(x), the probability that dmoud will not
exceed the reorder point,. x,, In units my be expressed:

(16) 7(Z) .f
0

where z - 3(the reorder point expressed in term of nmber
of demnds of size 3) and y w t/B (the muher of dmsd of vime
B occurring duiring lead tim1 , and p + 1 w arerage nmber of

demonds during lead tine.13 Mw expected mbe of dmds
occurring ap-Inst zero stock during lead tim is the expected
values of a, the number of units stockout where:

IF-0 y<z

Using 2(x) to represent expected Yalue of x,

z8sem7s4Z dym (y - ) L-yjZpdy

As this isa wt & awmamt tfim tow tme3lam purpses. ve
aW rewrite it as

1131Se ftk& 10 of tbis report.

1.7



S U

(p +l3) j - p1 -

In this foe the expected number of stockouts can be caqated
for given z frm tables of Person (op. cit.)# or, for Lntegpl
values of P.

p+l *-Zaup 9
2(s) a(P + 1) E -z E

quo, quo

can be caqxted fro.s a P:sscn table.

I. OapttIcn of AmiD3 ie t ss.

Let

N - number of demwd occurring anmmll

P - number of mnths in procurint cycle

en the expected number of demnd aminst zero stock durin one
year is eqal to the procuremnt frequency time the I(s) or

Ow pror in of danda during the year vhich occur at zero
stock Is then:

1(s) x 12
PxN

P1x8



and

% Sqpiy effectlymess - 100 [1 - 12] o

Of course, E(s), N md P viii not be known precisely ,nd,
takiz the rlsk of Int'odwuing bias for the sake of comptaticma
emase, we viui asum tbat:

1stlatset % 8qW7 effet tmness = 100 [i - -a] "

here is the estimte of Xe

1,
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